An extension to estimating multinomial proportions of potentially sensitive attributes in survey sampling is proposed using higher order moments of scrambling variables at the estimation stage to produce unbiased estimators. The variance and covariance expressions are derived and the relative efficiency of the proposed estimators based on scrambling variables is investigated.
Introduction
The problem of estimating the proportion of potentially sensitive attributes in survey sampling has been very well addressed in the literature following the pioneering work of Warner (1965) , and the use of randomized response sampling in social, medical and environmental sciences has been well documented (Waltz, et al., 2004; Blank, 2008) . Singh and Chen (2009) introduced the use of higher order moments of scrambling variables to improve single proportion estimates without affecting respondent cooperation in survey research.
The problem of estimating trinomial proportions has been very useful, especially during election periods in the United States of America. Voters in the US can be divided into three mutually exclusive groups: Democrat, Republican and Other. At this time, expressing preference for one of these three groups does not Cheng Chen is an Associate Professor in the Department of Mathematics. Email him at: cheng.chen@tamuk.edu. Sarjinder Singh is an Associate Professor in the Department of Mathematics.
Email him at: sarjinder@yahoo.com. pose a threat to an individual's privacy; however, the competition for the presidential position is becoming more difficult and there may be a time when voters will not feel safe disclosing their preferences to vote in the US. A new method is developed here that could be useful in such circumstances to organizations that conduct surveys about the prediction of future president for the US in the forthcoming elections. It is assumed that the partition of voters will remain trinomial because it may not be easy to establish a new competitive party as strong as those that are currently functioning; however, the proposed model can be extended to the case of a multinomial distribution if required.
This same argument can be extended to other applications if a population can be captured completely within three mutually exclusive groups. As noted by Singh, Kim and Grewal (2008) , a sensitive question in one survey could be non-sensitive in another survey depending on the situation, particularly when there are three categories that are feasible when an answer is: exactly known, exactly unknown and not sure; hence leading to the problem of trinomial proportions estimation.
In a careful examination of the literature in randomized response sampling (Tracy & Mangat, 1996) , not much attention has been paid to estimate sensitive multinomial proportions. Abul-Ela, et al. (1967) extended Warner's (1965) ), and then employing a randomized response device to each of the samples. Abul-Ela, et al. (1967) examined the extent of bias and the mean square error of estimators for 3 = t . Bourke and Dalenious (1973, 1974) proposed a Latin square measurement design to extend Warner's model to the multinomial case; their design uses t different possible responses and requires only one sample. A respondent is asked to select one of a t -type cards using a random device. Each of the t -mutually exclusive classes is described on each card, except that the order of the description is permuted from card to card and the permutation for t -cards forms a Latin square.
The respondent reads the cards selected and reports only the position of the card (i.e., = t 1, 2, …, ) 1 ( − t or t ) of the statement describing the class to which he/she belongs. The unrelated question design was also extended by Bourke (1974) to estimate the proportion of a population in each of t mutually exclusive classes of which ) 1 ( − t are sensitive. One sample is needed if the distribution of the unrelated character is known. The design uses a deck of cards, each of which contains a number of statements. The arrangement of the statements is a part of the design. Hochberg (1975) outlined an alternative scheme for estimating the t group proportions of which, at most, ) 2 ( − t are stigmatizing. The realizations for any sampled individuals constitute a two-stage scheme. The second stage is conditional on the random individual's response in the first stage. Drane (1976) used a forced yes stochastic model to estimate the proportion of more than one sensitive character. The use of supplemented block, balanced incomplete block and spring balance weighing designs were introduced by Raghavarao and Federer (1979) ; their models allow the surveyor to obtain answers to several sensitive questions. Mukhopadhyay (1980) , Mukherjee (1981) , Tamhane (1981) , Bourke (1981 Bourke ( , 1982 Bourke ( , 1990 , Silva (1983) and Christofides (2003) have also considered the estimation of multi-attribute parameters. Guerriero and Sandri (2007) pointed out that the family of models proposed by Kuk (1990) is better than the Simmons' family (refer to Greenbeg et al. (1969) ) in terms of efficiency and privacy protection. From an empirical standpoint, van der Heijden, et al. (2000) showsed that Kuk's procedure performs slightly better than the forced-response procedure and markedly better than face-to-face direct questioning and computer assisted selfinterviewing.
They also noted that the recommendations and successful applications of Kuk's procedure have been reported in van den Hout and van der Heijden (2002) , and these results should be even more marked for the model proposed by Christofides (2003) . In addition, an adequate analysis of the efficiency and the respondents' protection is always necessary when proposing new randomized response models. Thus, following Guerriero and Sandri (2007) , it is worthwhile to extend the Kuk (1990) and Franklin (1989) type models. Note that the the Mangat (1994), Mangat and Singh (1990) , Gjestvang and Singh (2006) and Kuk (1990) models are special cases of the Franklin (1989) model. Additional work on randomized response sampling is available in Singh and Kim (2011 ), Diana and Perri (2009 ), Tan, et al. (2009 and Esponda and Guerrero (2009 with probability with probability with probability 
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The relative efficiency of the proposed estimator k πˆ (as defined in the Appendix) with respect to the corresponding estimator
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and refers to the privacy protection with respect to response k Z for a respondent k being a member of A . This means that the value k Z contains absolutely no information on the variable of interest; the more the λ -measure differs from unity the more information on the variable under study is contained in the response, meaning the less the privacy protection. The maximum
describes a situation where membership or the non-membership of i A may be concluded based on the answer k Z directly. A respondent would answer untruthfully or not answer at all in such a case.
Bearing in mind the proposed privacy protection criterion in (3.4), choice of the known parameters of the scrambling variables was: as 2, 3, 5 and 10. The minimum relative efficiency of 103% was retained by assuming that a minimum 3% gain is enough if one methodology could gain over the other without affecting the respondents' cooperation (see Table 1 ).
Note that, while estimating rare attributes in two groups such as Table  1 ).
Note that in Table 1 Thus, the proposed randomization device should be considered for a situation when the first attribute is rare, the second attribute is moderate and the third attribute is widespread. It may be concluded that the proposed randomized response technique based on higher order moments of the scrambling variables can be used to estimate multinomial proportions. The choice of the scrambling variables for a particular study may require an expert to decide based on simulation studies or past experience. The FORTRAN codes used in the simulation study are provided in Appendix A.
Generalization to the Case of a Multinomial Distribution
Consider a population Ω consisting of m mutually exclusive groups such that
be the proportion of a sensitive attribute is the k th group. Then extending the proposed randomized response model from Section 2, that a respondent belonging to the k th group is requested to report a random number from the k th scrambling variable The variance of Π is given by
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denotes the variance-covariance matrix of the scrambled responses which utilizes the higher order moments of the scrambling variables
Theorem 2.1 Proof Solving (2.2) and (2.4) for 1 π and using the method of moments proves the theorem. 
Theorem 2.2 Proof Solving (2.2) and (2.4) for 2 π and using the method of moments proves the theorem. Based on these theorems and proofs, the following lemmas are put forth. γ θ
which, on rearranging reduces to (2.10), and proves the lemma. 
(1 
which, on rearranging, reduces to (2.11) and proves the lemma.
Consider the following theorems:
The variance of the unbiased estimator 1 π of the population proportion 1 π is given by 
Using the lemmas, the following theorems are put forth.
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